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ON THE CONVERGENCE OF THE SASAKI J–FLOW
MICHELA ZEDDA
Abstract. This paper investigates the C∞-convergence of the Sasaki J-flow. The result is
applied to prove a lower bound for the K-energy map in the Sasakian context.
1. Introduction and statement of the main results
The Sasaki J-flow has been introduced in [23] as a natural counterpart of the Ka¨hler J-flow
in the Sasakian setting. In [8, pages 10-11] Donaldson introduced the Ka¨hler J-flow on a n-
dimensional Ka¨hler manifold M pointing out the importance of its critical points from the point
of view of moment maps. Given two Ka¨hler forms ω and χ on M , such critical points satisfy the
equation nχ∧ωn−1 = c ωn, where c is a constant depending on [ω] and [χ]. Donaldson observed
that a necessary condition for their existence is that [c ω − χ] be a Ka¨hler class, and he asked
if it was also sufficient. In [5] X.X. Chen proved that for complex surfaces it is. Although, it is
not in higher dimension, indeed in the recent paper [15], M. Lejmi and G. Sze´kelyhidi found a
counterexpample on the blow up of P3 at one point. The existence of critical points has been
studied by B. Weinkove, V. Tosatti and J. Song in [19, 22] in terms of the positivity of some
(n − 1, n − 1) form and by X.X. Chen in [6] in terms of the sign of the holomorphic sectional
curvature of χ. In particular, in [6] Chen proved the long time existence of the flow and, when
the bisectional curvature of χ is nonpositive, its convergence to a critical metric.
This work was inspired by [24], where B. Weinkove deals with the natural question on what
the behaviour of the flow is on Ka¨hler surfaces, where the existence of a critical metric is always
guaranteed (once the necessary condition above is satisfied). He proved the convergence of the
J–flow on Ka¨hler surfaces under the only assumption c ω − χ to be positive. In the later work
[25], Weinkove generalize his result to higher dimension, proving the convergence of the Ka¨hler
J-flow under the assumption of the positivity of the form c ω − (n− 1)χ.
In the Sasakian case the situation is quite similar and a necessary condition for the existence
of a critical point is that there exists a basic map h such that c2 (dη + dd
ch)− χ is a transverse
Ka¨hler form (see [23] or next section below for definitions and details). In [23, Prop. 3.3], it is
proven that that condition is also sufficient on 5-dimensional Sasakian manifolds.
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The first result of this paper is the following theorem, which translates Weinkove’s result in
[25] to the Sasakian context (we remaind to Section 2 for definitions and details):
Theorem 1.1. Let (M, ξ,Φ, η, g) be a compact 2n + 1-dimensional Sasaki manifold. Assume
that c2 dη − (n − 1)χ is a transverse Ka¨hler form. Then, the Sasaki J–flow converges C∞ to a
smooth critical metric.
The proof is based on the long time existence of the flow and the uniform lower bound on the
second derivatives of a solution to the flow established in [23], and on the estimates developed
in sections 3 and 4 of the present paper, which are obtained applying the maximum principle
and a Moser iteration argument (see the proof of Prop 4.6).
It is worth pointing out that as immediate corollary we get the C∞ convergence of the
flow to a critical metric on compact 5-dimensional Sasaki manifolds under the assumption
c
2dη − χ > 0.
As application, we highlight the relation between the Sasaki J-flow and the Mabuchi K-
energy, introduced in the Sasakian context by [9] (see also [14]), proving a lower bound for the
K-energy map under the existence of a critical metric (see Theorem 5.2 at the end of the paper).
The paper contains three more sections. In the first one we summarize some basic facts
about Sasakian geometry, recall the definition of Sasaki J-flow and set the notations. In the
second one we develope second order estimates on a solution f to the J-flow which depends on
f itself. In the third section we study the C0-estimates and prove Theorem 1.1. Finally in the
fourth and last section we recall the defintion of Mabuchi K-energy in the Sasakian context
and prove our second result Theorem 5.2.
The author is very grateful to Luigi Vezzoni for suggesting her to study critical points of the
J–flow in the Sasakian context, for his advices and for all the interesting discussions along the
preparation of this work.
2. Sasakian manifolds and the Sasaki J-flow
Here we briefly recall what we need about Sasakian manifolds, the reader is referred to [2, 20]
for a more detailed exposition.
A Riemannian manifold (M,g) is Sasakian if and only if the Riemannian cone (M ×R+, g¯ =
r2g+dr2) is Ka¨hler. The integrable complex structure J and the Ka¨hler form ω¯ on (M ×R+, g¯)
induce in a natural way on (M,g):
(1) a killing vector field ξ and its dual 1-form η, η(ξ) = 1, ιξdη = 0, which is a contact form,
i.e. η ∧ (dη)n 6= 0. The tangent bundle TM splits into TM = D ⊕ Lξ, where D = ker η
and Lξ is the line tangent to ξ.
(2) an endomorphism Φ defined by Φ|D = J |D, ΦLξ = 0, which satisfies Φ2 = −Id + η ⊗ ξ.
The triple (η, ξ,Φ) realises a contact structure on M , while (D,Φ|D) realises a CR structure.
ON THE CONVERGENCE OF THE SASAKI J–FLOW 3
According to TM = D ⊕ Lξ, the metric g splits into:
g(X,Y ) = gT (X,Y ) + η(X)η(Y ), X, Y ∈ TM,
where gT (X,Y ) = 12dη(X,ΦY ), which is zero along the direction of ξ and it is Ka¨hler with
respect to D, is called the transverse Ka¨hler metric of M .
A p-form α on M is basic if it satisfies:
ιξα = 0, ιξdα = 0.
In particular, a function is basic if and only if its derivatives in the direction of ξ vanishes. We
denote the space of smooth basic functions on M by C∞B (M,R).
Given a Sasakian manifold (M,g, ξ,Φ, η), consider
H = {f ∈ C∞B (M,R)| ηf = η + dcf is a contact form},
where (dcf)(X) = −12df(Φ(X)) for any vector field X on M . Observe that any f ∈ H induces a
Sasakian structure (ξ,Φf , ηf ) on M with the same Reeb vector field ξ. The geometry of H has
been studied by P. Guan and X. Zhang in [10, 11] from the point of view of geodesics, by W.
He in [13] from the point of view of curvature and by S. Calamai, D. Petrecca and K. Zheng in
[3] in relation to the Ebin metric.
In order to define the J-flow, we need to fix a transverse Ka¨hler form χ on M , i.e. χ is a basic
(1, 1)-form which is positive and closed. Let f(t) be a smooth path on H. Define the functional
Jχ : H → R by:
(∂tJχ)(f) =
1
2n−1(n− 1)!
∫
M
f˙ χ ∧ η ∧ (dηf )n−1 = 1
2nn!
∫
M
f˙ σf η ∧ (dηf )n, Jχ(0) = 0,
where σf is the trace of χ with respect to dηf . Alternatively, the Jχ functional can be defined
by (cfr. [23, Def. 2.2]):
Jχ(h) =
1
2n−1(n− 1)!Aχ(0, h)
where
Aχ(f) :=
∫ 1
0
∫
M
f˙ χ ∧ η ∧ (dηf )n−1 dt.
Further, let H0 = {h ∈ H| I(h) = 0}, where I : H → R is defined by:
(∂tI)(f) =
∫
M
f˙η ∧ (dηf )n, I(0) = 0.
Notice that I can be explicitely written by (see [10, Eq. 14]):
(1) I(f) =
n∑
p=0
n!
(p + 1)!(n − p)!
∫
M
f η ∧ (dη0)n−p ∧ (i∂B ∂¯Bf)p.
Observe that h ∈ H0 is a critical point of Jχ restricted to H0 if and only if∫
M
k η ∧ χ ∧ (dηh)n−1 = 0,
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for every k ∈ ThH0, i.e. if and only if 2n η ∧ χ ∧ (dηh)n−1 = c η ∧ (dηh)n, where
c =
2n
∫
M
χ ∧ η ∧ (dη)n−1∫
M
η ∧ (dη)n .
In particular, h ∈ H0 is a critical point of Jχ iff σh = c. The Sasaki J-flow is the gradient flow
of Jχ : H0 → R and its evolution equation is given by:
(2) f˙ = c− σf , f(0) = 0.
In the joint work with L. Vezzoni [23], we study the long time existence of the J-flow (2)
and prove its convergence to a critical metric under an additional hypothesis on the sign of the
transverse holomorphic sectional curvature of χ. In the recent paper [1], the Sasaki J-flow is
included as particular case in a more general result that prove the short time existence of second
order geometric flows on foliated manifolds.
We conclude this section recalling the definition of special foliated coordinates (see [23, Subsec.
2.1]) and setting some notations.
Let (M, ξ,Φf , ηf , gf ) be a Sasakian manifold as above and let χ be a second transverse Ka¨hler
form on M . Around each point (x0, t0) ∈ M × [0,+∞) we can find special foliated coordinates
{z1, . . . , zn, z} for χ, taking values in Cn ×R, such that
(3) ξ = ∂z , Φ(dz
j) = i dzj , Φ(dz¯j) = −i dz¯j ,
and if we denote χ = χij¯ dz
i ∧ dz¯j , then
χij¯ = δij , ∂zrχij¯ = 0 , at (x0, t0) ,
and
(gf )jk¯ = λjδjk , at (x0, t0) .
Here we denote:
gf = (gf )ij¯dz
idz¯j + η2f , dηf = 2i(gf )ij¯dz
i ∧ dz¯j ,
and in particular the transverse Ka¨hler metric gTf reads locally g
T
f = (gf )ij¯dz
idz¯j .
Observe that (gf )ij¯ are basic functions and by (3), in these coordinates a function is basic
iff it does not depend on z. Let us also use upper indexes to denote the entries of a matrix’
inverse. Further, for any h ∈ C∞B (M) we denote f,j = ∂jf = ∂∂zj f , f,j¯ = ∂j¯f = ∂∂z¯j f , f,jk¯ =
∂j∂k¯f =
∂2
∂zj∂z¯k
f . In the sequel we will also denote by γf the trace of gf with respect to χ, i.e.
locally γf = χ
j¯k(gf )jk¯, and by R(χ)jk¯lm¯ the curvature tensor associated to χ, which in special
coordinates for χ at (x0, t0) reads R(χ)jk¯lm¯ = −χjk¯,lm¯. Consequently we will have:
R(χ)ab¯lm¯ = −χa¯jχk¯bχjk¯,lm¯, Ric(χ)lm¯ = −χk¯jχjk¯,lm¯.
Further, we denote by (·, ·)χ the product on basic forms α, β ∈ Ω(p,q)B (M,C):
(α, β)χ =
1
2nn!
∫
M
〈α, β〉χ η ∧ χn .
where
〈α, β〉χ = αi1...ipj¯1...j¯q · β¯r1...rps¯1...s¯qχr¯1i1 · · ·χr¯pip · χj¯1s1 · · ·χj¯qsq .
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Finally, let ∆˜f be the operator depending on a smooth curve f in H and acting on basic
smooth functions, defined by:
∆˜f (h) = g
k¯p
f g
q¯j
f χjk¯h,ab¯ .
Remark 2.1. Observe that the operator ∆˜f satisfies the following property. If h(x, t) is a
smooth path in H and (x0, t0) is a global maximum for h in M × [0, t], then by the maximum
principle at (x0, t0) one has:
(∂t − ∆˜f )h ≥ 0.
More precisely, at (x0, t0) one has ∂th ≥ 0 and ddch ≤ 0. Then, by the definition of ∆˜f , one get
∆˜f (h) ≤ 0 and thus ∂t − ∆˜f ≥ 0.
Remark 2.2. Observe that in special foliated coordinates for χ around (x0, t0) ∈M × [0,+∞),
such that gf takes a diagonal expression with eigenvalues λ1, . . . , λn, one has:
det(χ) = 1, det(gTf ) = λ1 · · ·λn, σf = gj¯kf χjk¯ =
n∑
j=1
1
λj
, γf = χ
j¯k(gf )jk¯ =
n∑
j=1
λj ,
gq¯pf g
p¯s
f (gf )sq¯ =
n∑
j=1
1
λj
= σf , g
q¯p
f g
p¯s
f χsq¯ =
n∑
j=1
1
λ2j
.
3. Second order estimates
In order to develope the second order estimates we begin with the following lemma:
Lemma 3.1. Let (M,g, ξ,Φ, η) be a (2n + 1)–dimensional Sasakian manifold and let f be a
solution to (2) in [0,+∞). Then at any point (x0, t0) ∈M × [0,+∞):
(∆˜f − ∂t)(log γf ) ≥ 1
γf
gq¯pf g
p¯s
f R(χ)
b¯a
sq¯(gf )ab¯ −
1
γf
gk¯jf Ric(χ)jk¯.
Proof. Compute:
∂t log(γf ) =
1
γf
χj¯k∂t
[
(gf )kj¯
]
=
1
γf
χj¯kf˙,kj¯,
where:
f˙,ab¯ =− 2gk¯sf (gf )r¯s,b¯gr¯pf (gf )pq¯,agq¯jf χjk¯ + gq¯pf gr¯sf χpr¯(gf )ab¯,sq¯
+ gk¯pf (gf )pq¯,ag
q¯j
f χjk¯,b¯ + g
k¯s
f (gf )r¯s,b¯g
r¯j
f χjk¯,a − gk¯jf χjk¯,ab¯.
Thus:
∂t log(γf ) =
1
γf
χb¯a
(
−2gk¯sf (gf )r¯s,b¯gr¯pf (gf )pq¯,agq¯jf χjk¯ + gq¯pf gr¯sf χpr¯(gf )ab¯,sq¯
+gk¯pf (gf )pq¯,ag
q¯j
f χjk¯,b¯ + g
k¯s
f (gf )r¯s,b¯g
r¯j
f χjk¯,a − gk¯jf χjk¯,ab¯
)
.
Taking special coordinates around (x0, t0) we get:
∂t log(γf ) =
1
γf
χb¯a
(
−2gk¯sf (gf )r¯s,b¯gr¯pf (gf )pq¯,agq¯jf χjk¯ + gq¯pf gr¯sf χpr¯(gf )ab¯,sq¯
)
+
1
γf
gk¯jf Ric(χ)jk¯.
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Further:
∆˜f [log γf ] = g
q¯p
f g
r¯s
f χpr¯(log γf ),sq¯ = g
q¯p
f g
r¯s
f χpr¯(−γ−2f (γf ),q¯(γf ),s + γ−1f (γf ),sq¯),
where at (x0, t0):
(γf ),q = −χb¯rχr¯s,qχs¯a(gf )ab¯ + χb¯a(gf )ab¯,q = χb¯a(gf )ab¯,q,
(γf ),sq¯ = −χb¯rχr¯j,sq¯χj¯a(gf )ab¯ + χb¯a(gf )ab¯,sq¯.
Thus:
∆˜f [log γf ] = − 1
γ2f
gq¯pf g
p¯s
f (gf )aa¯,q¯(gf )bb¯,s +
1
γf
gq¯pf g
p¯s
f R(χ)
b¯a
sq¯(gf )ab¯ +
1
γf
gq¯pf g
p¯s
f χ
b¯a(gf )ab¯,sq¯,
which implies:
(∆˜f − ∂t)(log γf ) ≥ 1
γf
gq¯pf g
p¯s
f R(χ)
b¯a
sq¯(gf )ab¯ −
1
γf
gk¯jf Ric(χ)jk¯,(4)
where we used that by [24, Lemma 3.2], one has:
γfχ
ba¯gk¯sf g
r¯p
f g
q¯j
f χjk¯(gf )r¯s,b¯(gf )pq¯,a ≥ χb¯aχk¯jgq¯pf gr¯sf χpr¯(gf )ab¯,q¯(gf )jk¯,s.

Recall now that a uniform lower bound on the second derivatives of a solution f to the Sasaki
J-flow is obtained in [23, Lemma 6.1]. In order to get a uniform upper bound, we start proving
the following proposition, which follows essentially [25, Th. 2.1] (see also [24, Th. 3.1] for the
case n = 2).
Proposition 3.2. Let (M,g, ξ,Φ, η) be a 2n+ 1-dimensional Sasakian manifold and let f be a
solution to (2) in [0,+∞). Assume that c2dη − (n − 1)χ > 0. Then, for any t ≥ 0 there exist
constants A and C, depending only on the initial data, such that γf ≤ CeA(f−infM×[t,0] f) in [0, t].
Proof. Normalize χ in order to get c = 1 (i.e. 12dη − (n− 1)χ > 0). Fix t > 0 and let (x0, t0) be
a maximum in M × [0, t] for log γf − Af , where A is a constant to be fix later. By Lemma 3.1
above at (x0, t0) we get:
(∆˜f − ∂t)(log γf ) ≥ 1
γf
gq¯pf g
p¯s
f R(χ)
b¯a
sq¯(gf )ab¯ −
1
γf
gk¯jf Ric(χ)jk¯.
Further, we have:
(5) (∆˜f − ∂t)f = gq¯pf gr¯sf χpr¯fsq¯ − f˙ = gq¯pf gp¯sf (gf )sq¯ − gq¯pf gp¯sf (g0)sq¯ − f˙ .
Thus, by Remark 2.2 and since with our normalization a solution f to (2) satisfies f˙ = 1− σf ,
it follows:
(∆˜f − ∂t)(log γf −Af) ≥ 1
γf
gq¯pf g
p¯s
f R(χ)
b¯a
sq¯(gf )ab¯ −
1
γf
gk¯jf Ric(χ)jk¯ − 2Aσf +Agq¯pf gp¯sf (g0)sq¯ +A.
Let C0 be a positive constant such that:
R(χ)b¯a
jk¯
≥ −C0χba¯(g0)sq¯,
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From 12dη − χ > 0 it follows that we can choose ǫ > 0 small enough to have:
(6)
1
2
dη ≥ (n− 1 + (n+ 1)ǫ)χ,
and we can set A big enough such that:
ǫAgq¯pf g
p¯s
f (g0)sq¯ ≥ −C0gq¯pf gp¯sf (g0)sq¯ −
1
γf
gk¯jf Ric(χ)jk¯.
Thus:
(∆˜f − ∂t)(log γf −Af) ≥ A
(
(1− ǫ)gq¯pf gp¯sf (g0)sq¯ − 2σf + 1
)
.
Since at (x0, t0) it follows easily by (6) that one has:
(1− ǫ)(g0)sq¯ ≥ (n− 1 + ǫ)χsq¯,
by Remark 2.2 we finally get:
(∆˜ − ∂t)(log γf −Af) ≥ A

(n− 1 + ǫ) n∑
j=1
1
λ2j
− 2
n∑
j=1
1
λj
+ 1

 .
At this point, observe that (x0, t0) has been chosen to be a global maximum in M × [0, t] and
thus (see Remark 2.1):
0 ≥ (∆˜− ∂t)(log γf −Af),
which implies:
(n− 1 + ǫ)
n∑
j=1
1
λ2j
− 2
n∑
j=1
1
λj
+ 1 ≤ 0.
This last inequality implies an upper bound for all λj, as it follows considering that we can
rewrite it as:
n∑
j=1
(
1√
n− 1 + ǫ −
√
n− 1 + ǫ
λj
)2
− n
n− 1 + ǫ + 1 ≤ 0,
an thus for any j = 1, . . . , n:
1√
n− 1 + ǫ −
√
n− 1 + ǫ
λj
≤
√
1− ǫ√
n− 1 + ǫ ,
i.e.:
λj ≤ n− 1 + ǫ
1−√1− ǫ.
It follows that at (x0, t0), γf is bounded above. Since (x0, t0) is the global maximum in [0, t] for
log γt −Af , we get that
log γt −Af ≤ logC −A inf
M×[t,0]
f,
i.e.:
γt ≤ CeA(f−infM×[0,t] f),
as wished. 
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4. C0 estimates and the proof of Theorem 1.1
In order to get a uniform upper bound for a solution to (2) we modify the arguments in
[24, 25]. For this purpose, let gχ be the Riemannian metric which has χ as transverse Ka¨hler
metric, i.e.:
gχ(·, ·) = χ(·,Φ·) + η(·)η(·).
Observe that since (M,gχ) is a compact Riemannian manifold, there exists a Green function
G(x, y) which satisfies for any u ∈ C∞(M):
u(x) =
∫
M
G(x, y)∆u(y)dµ(y) +
1∫
M
dµ
∫
M
u dµ,
where dµ and ∆ are respectively the volume form and the Riemannian Laplacian associated to
gχ. By [17, Prop. 2.8] ∆χψ = −∆ψ for any ψ ∈ C∞B (M,R), where ∆χ is the basic Laplacian
associated to χ, i.e. it is locally expressed by:
∆χψ = χ
j¯rψ,rj¯ , for ψ ∈ C∞B (M,R) ,
(in our notation the basic Laplacian has the opposite sign of [17] one). Thus, for any ψ ∈
C∞B (M,R) we have:
(7) ψ(x) = −
∫
M
G(x, y)∆χψ(y)dµ +
1∫
M
dµ
∫
M
ψdµ.
Remark 4.1. Notice that ∆χf is uniformly bounded from below, as it follows easily from the
definition of ∆χf and by observing that:
χj¯k(gTf )jk¯ = χ
j¯k((gT )jk¯ + f,jk¯) > 0.
Proposition 4.2. Let (M,g, ξ,Φ, η) be a (2n+1)-dimensional Sasakian manifold and let f be a
solution to (2). Then there exist two positive constants C0 and C1, depending only on the initial
data, such that:
0 ≤ sup
M
f ≤ C0 − C1 inf
M
f.
Proof. Observe first that from f ∈ H0 by (1) we get:
(8)
n∑
p=0
n!
(p+ 1)!(n − p)!
∫
M
f η ∧ (dη)n−p ∧ (i∂B ∂¯Bf)p = 0.
Thus f vanishes somewhere and we have supM f ≥ 0.
In order to prove the second inequality, let B0, B1 be constants such that:
dµ ≤ B0 η ∧ (dη)n, dη ≤ B1χ.
From (8) we get:∫
M
fη ∧ (dη)n = −n
∫
M
η ∧ (dηf )n−1 ∧ (i∂B ∂¯Bf) = −n
∫
M
η ∧ (dηf )n + n
∫
M
η ∧ dη ∧ (dηf )n−1,
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and thus:
∫
M
f dµ ≤B0
∫
M
f η ∧ (dη)n
=− nB0
∫
M
fη ∧ (dηf )n + nB0
∫
f
η ∧ dη ∧ (dηf )n−1
≤ − nB0
∫
M
fη ∧ (dηf )n + nB0B1
∫
f
η ∧ χ ∧ (dηf )n−1
= − nB0
∫
M
(f − inf
M
f) η ∧ (dηf )n − nB0 inf
M
f
∫
M
η ∧ (dη)n + nB0B1
∫
f
η ∧ χ ∧ (dη)n−1
≤nB0B1
∫
f
η ∧ χ ∧ (dηf )n−1 − nB0
∫
M
η ∧ (dη)n inf
M
f.
Thus, by (7):
f(x) ≤ −
∫
M
G(x, y)∆χf(y) η ∧ (dη)n + nB0B1
∫
f
η ∧ χ ∧ (dη)n−1 − nB0
∫
M
η ∧ (dη)n inf
M
f,
and conclusion follows by the existence of a lower bound for the Green function of g and from
Remark 4.1. 
It remains to prove that infM f is uniformly bounded from above. Following [25], assume
that such bound does not exist. Then there exists a sequence of time ti such that ti → ∞
implies infti infM f → ∞. Fix i and set ψi(x) = f(x, ti) − supM f(x, ti). Since by Prop. 4.2
above supM f ≥ 0, we have supM ψi = 0. This last fact, together with Prop. 3.2 in the previous
section, will lead us with Prop. 4.6 to the contradiction ||e−Bψi ||C0 < 1, where B = A/(4 − ǫ)
for a small ǫ > 0 which is set in the proof of Prop. 4.6.
We begin with the following lemma.
Lemma 4.3. Let (M,g, ξ,Φ, η) be a compact Sasaki 2n + 1-dimensional manifold and let χ a
transverse Ka¨hler form on M and a > 0. If ψ ∈ H satisfies γψ ≤ CeA(ψ−infM×[t,0] ψ) for some
constants A and C, then:∫
M
|∇e−aψ |2η ∧ χn ≤ aC
2
e−A infM×[t,0] ψ
∫
M
e(A−2a)ψ η ∧ χn.
Proof. Observe first that:
(9)
∫
M
|∇e−aψ|2η ∧ χn = (∂Be−aψ, ∂Be−aψ)χ = (∂∗B∂Be−aψ, e−aψ)χ = −(∆χe−aψ, e−aψ)χ,
From:
∆χe
−aψ = χk¯j
(
e−aψ
)
,jk¯
= χk¯j
(
−ae−aψψ,jk¯ + a2e−aψψ,jψ,k¯
)
,
it follows that:
(∆χe
−aψ, e−aψ)χ = −a(∆χψ, e−2aψ)χ + a2(∂Bψ, e−2aψ∂Bψ)χ,
and since
−2a e−2aψ∂Bψ = ∂Be−2aψ,
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we get:
(∆χe
−aψ, e−aψ)χ = −a(∆χψ, e−2aψ)χ − a
2
(∂Bψ, ∂Be
−2aψ)χ = −a
2
(∆χψ, e
−2aψ)χ.
Thus, plugging this last equality into (9) we get:∫
M
|∇e−aψ|2η ∧ χ2 = a
2
(∆χψ, e
−2aψ)χ.
Since χjk¯(gT0 )jk¯ ≥ 0 and we assumed γψ ≤ CeA(ψ−infM×[0,t] ψ), conclusion follows by observing
that:
∆χψ = γψ − χjk¯(gT0 )jk¯.

The next lemma is a Sasakian version of [21, Prop. 2.1].
Lemma 4.4. Let (M,g, ξ,Φ, η) be a compact Sasaki 2n + 1-dimensional manifold and let χ be
a second transverse Ka¨hler form on M . Assume that ψ ∈ H satisfies supM ψ = 0. Then for a
small enough α > 0, there exists a constant C ′ depending only on the initial data, such that:∫
M
e−αψη ∧ χn ≤ C ′.
Proof. By (7) we have:
0 = sup
M
ψ(x) ≤ 1∫
M
dµ
∫
M
ψdµ+ sup
M
∫
M
G(x, y)(−∆χψ(y))dµ,
which implies:
1∫
M
dµ
∫
M
ψdµ ≥ sup
M
∫
M
G(x, y)(−∆χψ(y))dµ ≥ −B1,
i.e., for some constant B2: ∫
M
ψ η ∧ χn ≥ −B2.
At this point, recall that locally M can be described by special coordinates (z1, . . . , zn, z) ∈
Cn × R and being ψ basic, it is constant in z. Let {Bri}i be geodesic balls that cover M . For
each i, set special coordinates on Bri . Since the support of the smooth function ψ
′ = ψ−ψ(0) is
contained in B˜ri = {(z1, . . . , zn, z) ∈ Bri | z = 0}, we can apply the same method as in [21, Prop.
2.1] to get the existence of a constant B3 such that:∫
M
e−αψ
′
η ∧ χn ≤ B3.
Then we have: ∫
M
e−αψη ∧ χn ≤ B3e−αψ(0),
and the assertion follows setting C ′ = B3e
−αψ(0). 
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We recall here a Sobolev inequality for a compact Riemannian manifold (M,g) needed in the
proof of Prop. 4.6 below. For any smooth function h on M and a > 0 denote:
||h||a =
(∫
M
|h|adµg
) 1
a
,
where dµg is the volume form associated to g. Then we have the following (see e.g. [12, Th.
2.6]):
Theorem 4.5 (Sobolev inequality). Let (M,g) be a smooth compact Riemannian manifold of
dimension m. Then for any real numbers 1 ≤ q < p with 1/p = 1/q − 1/m, there exists a
constant C1 such that:
||h||p ≤ C1 (||∇h||q + ||h||q) .
In particular, setting q = 2, m = 2n + 1 and raising to the second power, there exists a
constant C1 such that:
(10) ||h||2b ≤ C1
(||∇h||22 + ||h||22) ,
for b = 2(2n + 1)/(2n − 1).
Proposition 4.6. Let (M,g, ξ,Φ, η) be a compact Sasaki 2n + 1-dimensional manifold and let
χ be a second transverse Ka¨hler form on M . If ψ ∈ H satisfies:
(i) supM ψ = 0,
(ii) γψ ≤ CeA(ψ−infM×[t,0] ψ),
then for some small ǫ > 0, ||e− A4−ǫψ||C0 ≤ C ′, where C ′ is a constant depending on A, C and
the initial data.
Proof. Since (M,g) is a Riemannian manifold, then by (10), for b = 2(2n+1)/(2n−1) and some
constant C1, the following Sobolev inequality holds for any u ∈ C∞(M):
||u||2b ≤ C1
(||∇u||22 + ||u||22) ,
i.e., since the Sobolev inequality is independent from the volume form chosen:(∫
M
|u|bη ∧ χn
) 2
b
≤ C1
(∫
M
|∇u|2η ∧ χn +
∫
M
|u|2η ∧ χn
)
.
For 0 < q < p, set u = e−
A
3p+q
ψ. Since
∫
M
|u|2η ∧ χn ≥ 0, by Lemma 4.3 applied to u2p, there
exists a constant C1 such that:(∫
M
|e− 2pA3p+qψ|bη ∧ χn
) 2
b
≤C1
(∫
M
|∇e− 2pA3p+qψ|2η ∧ χn +
∫
M
|e− 2pA3p+qψ|2η ∧ χn
)
≤ C1 C p A
3p + q
e−A infM×[t,0] ψ
∫
M
e−
A
3p+q
(p−q)ψ η ∧ χn
Then, raising to the power of 1/4p, we get
(11) ||u||2bp ≤
(
C1 C p A
3p+ q
) 1
4p
e
−
A
4p
infM×[t,0] ψ||u||
p−q
4p
p−q
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Now set:
s0 = p, sk = p (2b)
k + q
(
(2b)k−1 + · · ·+ 2b+ 1
)
for k = 1, 2, . . . .
With this notation (11) reads:
(12) ||u||2bs0 ≤ (C1 C A)
1
4s0
(
s0
3s0 + q
) 1
4s0
e
−
A
4s0
infM×[t,0] ψ||u||
p−q
4p
p−q .
Replacing p with 2bp+ q, sk change in sk+1 for all k = 0, 1, 2, . . . and we get:
||u||2bs1 ≤ (C1 C A)
1
4s1
(
s1
3s1 + q
) 1
4s1
e
−
A
4s1
infM×[t,0] ψ (||u||2bs0)
bs0
2s1 ,
and thus by (12):
||u||2bs1 ≤ (C1 C A)
1
4s1
(1+ b2)
(
s1
3s1 + q
) 1
4s1
(
s0
3s0 + q
) b
2
1
4s1
e
−
A
4s1
(1+ b2) infM×[t,0] ψ
(
||u||
p−q
4p
p−q
) bs0
2s1
,
If we iterate this procedure k times, we get:
||u||2bsk ≤ (C1 C A)ak

 k∏
j=0
(
sj
3sj + q
)( b2)k−j
1
4sk
e−Aak infM×[0,t] ψ
(
||u||
p−q
4p
p−q
) bks0
2ksk
,
where we set ak =
1
4sk
∑k
j=0
(
b
2
)k
. Observe now that, since b = 2(2n + 1)/(2n − 1) implies
b/2 > 1 and sk → +∞ as k approaches infinity, we have:
lim
k→+∞
ak = lim
k→+∞

 1
4sk
k∑
j=0
(
b
2
)k = 0, lim
k→+∞
(
bks0
2ksk
)
= 0;
further, since for any j = 0, . . . , k,
lim
k→+∞
(
1
sk
(
b
2
)k−j)
= 0,
p
3p+ q
≤ sj
3sj + q
≤ 1
3
we have:
lim
k→+∞

 k∏
j=0
(
sj
3sj + q
)( b2)k−j
1
4sk
= 1.
Setting p = 1 and q = 1− ǫ, by Lemma 4.4 there exists a small enough ǫ > 0 such that:
||u||p−q = ||u||ǫ =
∫
M
e−
Aǫ
4−ǫ
ψη ∧ χn,
is bounded and the bound on ||e− A4−ǫψ||C0 follows readly. 
Corollary 4.7. Let c2dη − (n − 1)χ > 0. Then the second order derivatives of a solution f to
the Sasaki J-flow are uniformly bounded from above.
Proof. By Prop. 4.6 and the discussion above, infM f is uniformly bounded from above. The
bound on the second order derivatives of f follows then by Prop. 3.2 and Prop. 4.2. 
We are now in the position of proving Theorem 1.1.
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Proof of Theorem 1.1. By [23, Th. 1.1], there exists a solution f : M × [0,+∞) → R to the
Sasaki J-flow. By [23, Lemma 6.1] and by Corollary 4.7 above, the second derivatives ∂j∂k¯f are
uniformly bounded. Since a solution to the Sasaki J-flow can be regarded as a solution to the
Ka¨hler J-flow on small open balls of Cn, by [23, Th. 7.1] we get uniform C∞ bounds on f . Then,
by Ascoli-Arzela` Theorem, given a sequence tj ∈ [0,∞), tj →∞, there exists a subsequence ftj
converging in C∞-norm to a function f∞ as tj →∞.
At this point, observe that f˙ satisfies the heat equation ∂tf˙ = −∆˜f˙ and we have uniform
bounds for (gTf )jk¯, (∂tg
T
f )jk¯, and all the covariant derivatives of (g
T
f )jk¯ and for (∂tg
T
f )jk¯. Then
we get uniform bounds also for the family gt, t ∈ [0,+∞), of Riemannian metric on M defined
by:
gt(·, ·) = gTf (·, ·) + η(·)η(·),
and for all its covariant derivatives. Thus we can apply the argument in [4] (Th. 2.1 and
discussion below) to get:
sup
M
f − inf
M
f ≤ C0e−C1t.
for some constant C0 and C1 independent of t. The convergence of f in the C
∞ topology follows
by the same argument as in [24, Sec. 5]. 
5. Mabuchi K-energy and the J-flow
Let H¯ be the completion of H with respect to the C2w-norm. In [11], P. Guan, X. Zhang proved
that any two points in H can be connected by a C1,1–geodesic. By definition, a C1,1-geodesic is
a curve in H¯ obtained as weak limit of solutions to:(
f¨ − 1
4
|dB f˙ |2f
)
η ∧ (dηf )n = ǫ η ∧ (dη)n .
This result allows us to prove the following (cfr. [5, Prop. 3]).
Proposition 5.1. If there exists a critical metric then the functional Jχ : H0 → R is uniformly
bounded from below.
Proof. Let f∞ be a critical point in H0, f1 ∈ H0 and let f : [0, 1] → H¯ be a C1,1-geodesic such
that f(0) = f∞, f(1) = f1. Then by the estimates in the proof of Prop. 3.2 in [23], Jχ satisfies:
∂2t Jχ(f) ≥ 0.
Further, being f∞ a critical point, ∂tJχ(f)|t=0 = 0. Thus, we have Jχ(f1) ≥ Jχ(f∞) for any
f1 ∈ H0. 
Let α be a transverse Ka¨hler form on M and denote by [α]B the basic (1, 1) class associated
to α. Define:
K = {transverse Ka¨hler form in the basic (1, 1) class [dη]B},
and observe that H0 ≃ K. Further, denote by sTf the transverse scalar curvature associated
to dηf , namely in local coordinates s
T
f = (g
T
f )
k¯jRic(dηf )jk¯, where Ric(dηf ) is the Ricci tensor
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associated to dηf . Let us also denote by ρ
T the transverse Ricci form associated to Ric(dη) and
by s¯T the average scalar curvature defined by:
s¯T =
2n
∫
M
ρT ∧ η ∧ (dη)n−1∫
M
η ∧ (dη)n .
The Mabuchi K-energy in the Sasakian context has been introduced by A. Futaki, H. Ono and
G. Wang in [9]. According to the notation in [14], it is defined as follows. Let f0, f1 ∈ H
and f : [0, 1] → H be a smooth path satisfying f(0) = f0, f(1) = f1. Then the functional
M : H×H → R defined by:
M(f0, f1) :=
∫ 1
0
∫
M
f˙ (sTf − s¯T ) ∧ η ∧ (dηf )n dt,
is well defined and factors through H0 × H0 (see e.g. [14, Lemma 3.2]). Define the K-energy
map of the transverse Ka¨hler class [dη]B by M : K → R, M(dηf ) = M(dη, dηf ). Further, the
map M : H → R, M(f) =M(0, f), is called the K-energy map of H.
We can prove now our second result, which should be compared with [5, 24, 25].
Theorem 5.2. Let (M, ξ,Φ, η, g) be a Sasakian manifold and assume that −ρT is a positive
transverse Ka¨hler form. If:
(13)
s¯T
2
[dη]B + (n− 1)[ρT ]B > 0,
then the Mabuchi K-energy is bounded below on [dη]B .
Proof. Define a Jχ functional with χ = −ρT . By Prop. 5.1 and Theorem 1.1, condition (13)
implies that this functional is bounded from below. Conclusion follows by observing that the
Sasakian version of the Mabuchi K-energy map can be written as (see [14, Prop. 3.2] ):
M(f) = s¯
T
n+ 1
I(f) + 2J
−ρT (f) + 2
∫
M
ln
(
η ∧ (dηf )n
η ∧ (dη)n
)
η ∧ (dηf )n,
where from f ∈ H0 follows I(f) = 0, and since x lnx > −e−1 for any x > 0, the term∫
M
ln
(
η∧(dηf )
n
η∧(dη)n
)
η ∧ (dηf )n is bounded below by −e−1
∫
M
η ∧ (dη)n. 
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